It is shown that on every infinite-dimensional separable normed space there exist continuous real-valued functions that are nowhere locally uniformly continuous. An explicit example of such a function on lp (1 < p < oo) is given. It is also shown that every continuous real-valued function on a metric space can be approximated uniformly by locally uniformly continuous functions.
Introduction
Although it is trivial that not every continuous function between metric spaces is uniformly continuous, every continuous function on Euclidean space (or more generally any locally compact metric space) is locally uniformly continuous, i.e., uniformly continuous on a neighborhood of each point of its domain. Thus the question arises as to what can be said about the local uniform continuity of continuous functions on infinite-dimensional normed spaces (or more generally nonlocally compact metric spaces). Using the Baire category theorem, we will show that on every infinite-dimensional separable normed space there exist continuous real-valued functions that are nowhere locally uniformly continuous (i.e., locally uniformly continuous at no point), and that such functions are in fact quite abundant. In addition, an explicit example of such a function on lp (1 < P < oo) will be given. However, despite the abundance of continuous, nowhere locally uniformly continuous functions, we will also show that every continuous real-valued function on a metric space can be approximated uniformly by locally uniformly continuous functions.
Existence of continuous, nowhere locally uniformly continuous real-valued functions
We begin by making a few definitions explicit.
Definitions. We say that a function / : X -+ Y between metric spaces is locally uniformly continuous at a point x if there is a neighborhood U of x on which / is uniformly continuous. If / is locally uniformly continuous at every point of X, we say that / is locally uniformly continuous. If / is locally uniformly continuous at no point of X, we say that / is nowhere locally uniformly continuous. Equivalently, / is nowhere locally uniformly continuous if it is uniformly continuous on no open set of X.
Theorem 1. Suppose X is an infinite-dimensional separable normed space. Then there is a bounded continuous real-valued function on X that is nowhere locally uniformly continuous. In fact, the collection of such functions is a dense G¿ in the space of bounded continuous real-valued functions under the supremum norm.
The above theorem will be proven using the Baire category theorem, but first we need a lemma.
Lemma 2. Suppose X is an infinite-dimensional normed space and U is an open set of X. Then there is a bounded continuous real-valued function on X that is not uniformly continuous on U. Proof. Since the closure of U in X is not compact, there is a countable subset {xn}%7x of U with no limit point in X. For each n = 1,2,..., choose a point y" in U such that ||x" -y"\\ < 1/2" . It is clear that the set S = {x"} U {y"} is a discrete and closed subset of X. Hence every real-valued function on 5 is continuous, and by the Tietze extension theorem every bounded continuous real-valued function on S extends to a bounded continuous function on X. In particular, the function that is 1 at each x" and 0 at each y" can be extended to a bounded continuous function on X, and it is clear that the resulting function is not uniformly continuous on U. D Proof of Theorem 1. Let Cb(X) denote the space of all bounded continuous real-valued functions on X equipped with the supremum norm. Note that Cb(X) is a Banach space, i.e., that it is complete. Choose a countable basis {Un}^ for the topology of X, and for each positive integer n , let E" = {/ e Cb(X) : f is uniformly continuous on £/"} . Clearly \J™=1 E" = {fe Cb(X) : f is locally uniformly continuous at some point of X} . The uniform limit of a sequence of uniformly continuous functions is uniformly continuous, so each En is closed in Cb(X). Moreover, it follows from Lemma 2 that each En has empty interior, for if / is a bounded continuous function on X that is uniformly continuous on U" , and g is a bounded continuous function on X with supremum norm equal to e that is not uniformly continuous on U", then f + g is an element of Cb(X) that is not uniformly continuous on U" and whose distance from / is e . Now the Baire category theorem shows that the complement of (j E" in Cb(X) (which consists of the nowhere locally uniformly continuous functions in Cb(X)) is a dense G¿ . O One might be tempted to imagine that if X is an arbitrary metric space that fails to be locally compact at some point xo, then there must be a continuous real-valued function on X that is not locally uniformly continuous at x0. However, this is not the case. To see this, suppose in addition that X has the property that whenever (x") and (y") are sequences in X such that d(x", yn) -> 0 as n -> oo, then in fact x" -► Xn and yn -► Xn . Then every continuous function on X is uniformly continuous. (For a specific example of such a metric space consider the set {j^e" : m, n are positive integers} U {0} in /' where e" is the sequence all of whose entries are zero except for the nth entry which is one.) However, the reader can easily verify that the arguments given above can be repeated without essential change to show that Theorem 1 remains valid if the hypothesis that X be an infinite-dimensional separable normed space is relaxed to assume merely that X be a separable metric space that is locally compact at no point. A curious feature of the proof of Theorem 1 is that we proved the existence of continuous, nowhere locally uniformly continuous functions without "directly" proving the existence of a function that fails to be locally uniformly continuous at even one point. Actually it is not difficult to modify the proof of Lemma 2 to give a "direct" proof of the existence of a continuous function that fails to be locally uniformly continuous. In fact we have the following: Theorem 3. Suppose X is a metric space that fails to be locally compact at some point xn and has no isolated point. Then there is a bounded continuous real-valued function on X that is not locally uniformly continuous at Xq ■ Proof. Since X is not locally compact at xo, we can choose for each positive integer k a countable subset {x^ t"}%Lx of B(xo, 1/k) (the open ball of radius 1/k centered at x0) such that {xk>n}%Lx has no limit point in X. Since X has no isolated point, we can choose for each ordered pair of positive integers k and n , a point ykt" in 2?(xo, 1/k) such that d(xk," , ykt") < 1/2" . It is easy to see that the only limit point of the set S that consists of all the xk " 's and ykn 's is the point xn. Thus the set S U {xo} is a closed set whose only limit point is xo . Hence the Tietze extension theorem shows that the function that is l/2fc at xkn(n= 1,2,...), 0 at each yk,n, and 0 at x0 can be extended to a bounded continuous function on X, and it is clear that the resulting function is not locally uniformly continuous at xo. D We next give an explicit example of a continuous, nowhere locally uniformly continuous function on lp (1 < p < oo), the space of p-summable sequences of real numbers with the usual lp norm. For x in lp , we will denote the nth term of x by x" . Example. The function / : lp -» R defined by oo /(x) = ^|x"r°cos(wx") n=X is continuous but nowhere locally uniformly continuous.
Proof. First note that the series used to define / converges absolutely for every x in lp, so f is well defined. To show that / is continuous, fix an arbitrary point a in lp and an e > 0. Choose a positive integer 7Y such that HT=n \an\" < e , and let g : lp -► R be defined by Therefore, / is continuous at a, and hence is continuous.
To show that / is not locally uniformly continuous, fix an arbitrary point a in lp and an r > 0. Let e = (r/2)p . We will show that / is not uniformly continuous on B(a, r) by showing that for every S > 0 there exist points y and z in B(a, r) with \\y -z\\p < ô and \f(y) -f(z)\ > e . So fix <5 > 0, and without loss of generality assume that ô < rjA. Choose a positive integer N such that No > 2n. Then also Nr/4 > 2n, so it is easy to see that we can choose a real number cx with |ci| > r/2 such that \aN -cx\ < 3r/4 and cos(7Vci) = 1. We can also choose a real number Co such that \cx -co\ < S and cos(7Vco) = 0. Now let y be the point in lp given by Thus / is not uniformly continuous on B(a, r), and hence is nowhere locally uniformly continuous. D When p is an integer we can omit the absolute values in the definition of / and consider the real-valued function on l" given by h(x) = Y^LX x£ cos(nx").
The above proof can be repeated with the obvious alterations to show that h is a continuous, nowhere locally uniformly continuous function.
Density of locally uniformly continuous real-valued functions
As mentioned in the introduction, despite the abundance of continuous, nowhere locally uniformly continuous functions, every continuous real-valued function on a metric space can be approximated uniformly by locally uniformly continuous functions. Explicitly, the following result holds.
Theorem 4. Suppose X is a metric space, f is a continuous real-valued Junction on X, and e > 0 is given. Then there is a locally uniformly continuous realvalued function g on X such that \f(x)-g(x)\<e for every x in X.
Before proving this theorem, we develop some preliminaries. If X is a metric space and A is a subset of X, define the distance dA(x) from a point x in X to A by dA(x) = inf{d(x, a) : a e A}.
Lemma 5. If A and B are disjoint closed sets in a metric space X and p : X -* R is defined by P{X) dA(x) + dB(x) then p is a locally uniformly continuous Junction. Proof. It is straightforward to verify that the numerator and denominator in the definition of p are uniformly continuous, and that the denominator never vanishes. Moreover, the function F : 1 x (1\{0}) -> I given by F(s,t)=s/t is obviously locally uniformly continuous since every continuous function on a locally compact metric space is locally uniformly continuous. Thus p is a composition of locally uniformly continuous functions and hence is locally uniformly continuous. D Lemma 6. If {Ua}a€j is an indexed family of open sets covering a metric space X, then there is a partition of unity subordinate to {Ua} consisting of locally uniformly continuous functions. Proof. First consider the special case when the covering {Ua} is locally finite. By the "shrinking lemma" (see [M, p. 224 In particular, the sum Y,a€J y/a(x) is locally finite, and hence defines a locally uniformly continuous function *F on X. Because the collection {Wa} covers X, we have that *F(x) is strictly positive for each x . As in the proof of the preceding lemma, it follows that for each a, the function given by is locally uniformly continuous. It is easy to check that the collection {4>a}a€J is the desired partition of unity. Now consider the general case. Since X is a metric space, it is paracompact [M, Chapter 6, Theorem 4.3] , so there is a locally finite open refinement {Nß}ßeK of {Ua}aej. Choose a mapping j : K -> J so that Nß c US(ß) for each ß in K. Let U'a be the union of those Nß for which s(ß) = a. Then it is easy to check that {U'a} is locally finite and clearly U'acUa. By the preceding paragraph, there is a partition of unity subordinate to {U'a} consisting of locally uniformly continuous functions and obviously such a partition of unity is also subordinate to {Ua} . G 
